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Given a graph G and a positive integer K, the inverse chromatic number problem consists in modifying the

graph as little as possible so that it admits a chromatic number not greater than K. In this paper, we focus on the

inverse chromatic number problem for certain classes of graphs. First, we discuss diverse possible versions and

then focus on two application frameworks which motivate this problem in interval and permutation graphs:

the inverse booking problem and the inverse track assignment problem. The inverse booking problem is closely

related to some previously known scheduling problems; we propose new hardness results and polynomial

cases. The inverse track assignment problem motivates our study of the inverse chromatic number problem

in permutation graphs; we show how to solve in polynomial time a generalization of the problem with a

bounded number of colors.

© 2014 Elsevier B.V. All rights reserved.
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. Introduction

In inverse combinatorial optimization, the goal is traditionally to

odify as little as possible a given combinatorial optimization prob-

em instance so as to make a fixed solution optimal in the modified

nstance. To this end, an instance � of the combinatorial problem is

ssociated with a parameter system w—most often a weight system—

o be modified. Given such an instance �(w) and a feasible solution

0, the inverse problem I� is defined (Ahuja & Orlin, 2001) as the

roblem to perturb the parameter system from w to w′ such that X0

ecomes an optimal solution of the instance �(w′), and the deviation

|w − w′|| is minimum under a fixed norm.

Since Burton and Toint (1992) first investigated the inverse

hortest path problem in the early 1990s, inverse combinatorial

ptimization has attracted the attention of the operations research

ommunity. It has been extensively studied for a variety of optimiza-

ion problems. Many interesting results from both theoretical and

ractical points of view have been achieved (see, e.g., Ahuja & Orlin,

001; Burkard, Pleschiutschnig, & Zhang, 2004; Liu & Ubhaya, 1997;
✩ A preliminary version of some results of this paper appeared in Proceedings of the

irst International Symposium in Combinatorial Optimization (ISCO 2010), Electronic

otes in Discrete Mathematics 36: 1129-1136, 2010.
∗ Corresponding author. Tel.: +821088073675.

E-mail addresses: yerimchung@yonsei.ac.kr (Y. Chung),

ean-francois.culus@espe-martinique.fr (J.-F. Culus), marc.demange@rmit.com.au

M. Demange).
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ang, Zhang, & Ma, 1997; Zhang & Cai, 1998; Zhang, Yang, & Cai, 1999).

any studies illustrate both the relevance of inverse combinatorial

roblems in operations research and the extent of theoretical interest

n this family of difficult problems.

Some interesting variants have been considered (Chung &

emange, 2008; Chung & Demange, 2012; Demange & Monnot, 2010).

0, 1}-inverse problems involve parameter systems with (0, 1)compo-

ents in which the structure of an instance rather than just its weight

ystem can change. For example, changing a vertex/edge weight from

to 0 is equivalent to deleting the related vertex/edge from the graph.

nother variant, called the inverse number problem, specifies a target

olution value instead of a solution. The goal is then to find, with min-

mum modification, a new instance with an optimal value not worse

han the fixed target value.

In this paper we discuss an inverse framework for minimum vertex

oloring which ranks among the most popular combinatorial opti-

ization problems in operations research. Given a graph G, one asso-

iates colors with vertices such that every two vertices linked by an

dge differ in color. The objective is to minimize the number of col-

rs. The optimal value is called the chromatic number of G, denoted by

(G). Graph coloring has many applications in various domains, par-

icularly in scheduling (see, e.g., Demange, Ekim, & de Werra, 2009;

emange, Ekim, Ries, & Tanasescu, 2015; de Werra, 1996; Yáñez &

ez, 2003). Tasks with pairwise incompatibilities are given such that

ny set of pairwise compatible tasks can be performed during a time

lot. The aim is to execute all tasks in the fewest time slots. Tasks

re associated with vertices and incompatibilities with edges in the

http://dx.doi.org/10.1016/j.ejor.2014.12.028
http://www.ScienceDirect.com
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incompatibility graph, and all tasks performed within a time slot cor-

respond to a color class.

In the inverse case, fixing a solution (a fixed vertex coloring) ap-

pears to be less natural than fixing a target chromatic number for most

graph coloring applications. As a consequence, the related inverse

number problem (inverse chromatic number problem) seems more

natural. In this paper, we introduce the inverse chromatic number

problem, describe typical situations in applications that motivate use

of this framework, and present computational complexity results. We

also identify some known operations research problems that can be

illustrated as inverse chromatic number models.

The paper is organized as follows. In Section 2, we formulate the

problem, compare it with similar optimization problems, and discuss

the notion of inverse model. In Section 3, we describe an operations

research problem called the inverse booking problem that relates to

the inverse chromatic number problem in interval graphs and we

present some hardness and approximation results. Some polynomi-

ally solvable cases are proposed in Section 4. In Section 5, we describe

the inverse track assignment problem that relates to the inverse chro-

matic number problem for permutation graphs. We briefly discuss

the tractability of this problem and that of one generalization. Finally,

in Section 6, some suggestions for further study are discussed.

2. Definitions and related problems

The inverse chromatic number problem can be formally defined as

follows: given a graph G and a positive integer K, the graph should be

modified as little as possible in such a way that the chromatic number

of the resulting graph becomes K or less. An instance of the decision

version is (G, K, M), where M is a non negative number. The related

question is whether there is a modification of at most M such that the

modified graph has a chromatic number of at most K.

2.1. Examples of and motivation for inverse models

In the inverse model, we specify how to modify the instance as well

as how to measure the deviation. Different inverse models for the

same problem obviously produce different inverse problems. Weight

systems are most often modified (see, e.g., Ahuja & Orlin, 2001; Burton

& Toint, 1992; Demange & Monnot, 2010). This inverse model is obvi-

ously not relevant to the usual graph coloring problems, which involve

no weight system.

For graph coloring, various types of graph modifications may be

considered. Some examples of inverse models are discussed below.

In addition, any kind of norm may be used to measure the deviation.

Many studies in this domain have shown that the choice of norm dras-

tically influences the results. Cost functions that are not norms could

also be considered. The only condition is that the minimum value of

the deviation measure must correspond to the unchanged instance.

In this paper, we mainly restrict our focus to the L1 norm1, unless

otherwise specified. Other norms, in particular the L∞ norm2, may

be considered in future studies. When restricting to a specific class

of graphs, one should take care that it is stable under the considered

modification.

2.1.1. Vertex deletion

At first glance, vertex deletion is one of the most natural models

for the inverse chromatic number problem. Revisiting the previously

mentioned scheduling application of minimum graph coloring, it con-

sists in removing a minimum number of tasks such that the remaining

tasks can be performed in K time slots. Then, the removed tasks can

be externalized, with additional costs. This problem is equivalent to
1 The L1 norm is defined by ||x||1 = ∑n
i=1 |xi| for a vector x of dimension n.

2 The L∞ norm is defined by ||x||∞ = max{|x1|, . . . , |xn|} for a vector x of

dimension n.
he maximum K-colorable subgraph problem which has been well

tudied. Given a graph G, the vertices not belonging to a maximum K-

olorable subgraph of G are exactly the vertices to be deleted from G.

ince the maximum K-colorable subgraph problem is polynomially

olvable for comparability graphs, co-comparability graphs (Frank,

980; Greene, 1976; Greene & Kleitman, 1976), and for split graphs if

is fixed (Yannakakis & Gavril, 1987), we obtain the following result:

roposition 1.

(1) The inverse chromatic number problem with vertex deletion can

be solved in polynomial time for comparability graphs and co-

comparability graphs, and the same holds for split graphs if K is a

fixed integer.

(2) The inverse chromatic number problem with vertex deletion is

NP-hard for split graphs if K is not fixed.

The polynomial tractability of the inverse chromatic number prob-

em for permutation and interval graphs immediately follows:

orollary 2. The inverse chromatic number problem with vertex deletion

s polynomially solvable for permutation and interval graphs.

.1.2. Edge deletion

The inverse chromatic number problem with edge deletion con-

ists in minimizing the number of conflicting edges (edges with both

xtremities of the same color) for a fixed number of colors. Conflict-

ng edges must be removed in the inverse chromatic number prob-

em with edge deletion. This problem is used in several studies using

euristic approaches to graph coloring (see, e.g., Galiniera & Hertz,

006; Hertz & de Werra, 1990; Marmion, Blot, Jourdan, & Dhaenens,

013).

Both vertex- and edge-deletion models are particular cases of the

o called vertex and edge deletion problems studied in Yannakakis

1978). From the computational point of view, these problems were

hown to be very hard, even in very restrictive graph classes. We

escribe below alternative inverse models. In contrast to the previous

xamples, these models cannot be immediately described as usual

raph optimization problems. The framework of inverse optimization

s better suited for this purpose.

.1.3. Intersection graphs

Given a base set X and a family F of parts of X, F is the vertex set of

he related intersection graph, with edges between two vertices if the

elated parts intersect each other. For such a graph, any modification

trategy on the subsets of the base set brings a modification strategy

n the graph. We present two illustrating examples below.

Two well-known applications of graph coloring in some inter-

ection graph classes are frequency allocation in telecommunica-

ion networks (see, e.g., Eisenblätter, Grötsche, & Koster, 2002) and

avelength assignment in optical networks (see, e.g., Zang, Jue, &

ukherjee, 2000). In the former problem, transmitters/receiver units

re spread over a region. A frequency must be assigned to each unit,

aking into account that the total number of frequencies is limited

nd that interferences may occur if the same frequency is assigned to

lose transmitters. In the most basic model, frequencies are integer

umbers, and each transmitter is associated with a disk centered at

he location of the unit with a radius representing its signal power.

hen, two units corresponding to intersecting disks must be assigned

ifferent frequencies to avoid interference for a receptor located in

he intersection. The resulting interference graph is the intersection

raph of these disks, called a disk graph, and the problem is exactly

the minimum coloring problem in this class. In the latter application,

one is given an optical network (represented by a host graph) and

a collection of paths, each linking two nodes in the network. Each

path must be associated with a wavelength such that two paths with

the same wavelength cannot share a common edge. Thus, assigning
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avelengths to paths is a coloring problem in the edge-intersection

raph of the paths: each path is a vertex, and two vertices are linked

y an edge if the related paths have at least one edge in common.

These two applications induce natural situations that can be de-

cribed in terms of the inverse chromatic number problem. For the

requency allocation problem, suppose that the network of trans-

itters/receiver units requires more frequencies than are available.

he signal power of some units may then be limited so as to avoid

nterference and make frequency allocation possible. However, this

eduction in signal power should not affect regional coverage. Thus,

natural inverse model arises for which the radius system must be

odified with an additional constraint on the coverage area. Using the

1-norm, the total power reduction is the primary objective, while us-

ng the L∞-norm minimizes the number of units with reduced signal

ower.

For the wavelength assignment problem, if the number of different

avelengths is limited and no assignment is feasible, then modifica-

ion of the routing of requests (paths) may be necessary in order to

ake it feasible. In the inverse model, the paths must be modified

nd the difference between two paths measured. For instance, using

he Hamming distance allows us to minimize the number of links to

e changed.

In this paper, we examine interval graphs, one of the simplest

lasses of intersection graphs. We present in Section 3 an applica-

ion of the minimum inverse chromatic number problem with these

raphs.

.1.4. Other models

There are many other situations involving graph classes defined

rom a discrete structure like the set system for intersection graphs.

ny method of modifying this structure induces an inverse model

n the resulting graph. Permutation graphs, or the more general class

f overlap graphs (see, e.g., Golumbic, 1980), provide an interesting

xample that we will consider in Section 5. These graphs can be de-

ned from an interval system, as detailed in Section 5. Permutation

raphs can be defined equally well from a permutation or a sequence

f numbers. We present a motivating application that corresponds to

natural inverse model.

.2. Some close problems

For most graph coloring problems, the aim is to compute the

hromatic number of a given graph. however, several problems have

een considered with the aim of defining or modifying the graph

o as to guarantee some properties of the chromatic number. The

nverse chromatic number problem clearly belongs in this class. An-

ther problem of this type is the so-called minimum selective coloring

roblem (Demange et al., 2015; Demange, Monnot, Petrica, & Ries,

014). An instance of this problem is a graph whose vertex set is

artitioned into p clusters, and the objective is to select one vertex

er cluster so as to minimize the chromatic number of the subgraph

nduced by the selected vertices. In the decision version, the question

s whether it is possible to select one vertex per cluster such that the

nduced subgraph has a chromatic number no more than k, for a fixed

. A weighted version can be defined by associating a cost with each

ertex. The aim is to find a k-colorable graph of minimum cost with

ne vertex per cluster.

In some cases, the inverse chromatic number problem can be re-

uced to a weighted selective graph coloring problem. Consider, for

xample, an inverse model based on some intersection graphs, as de-

cribed above, with a modification strategy for each set of the original

et system. For each vertex v of the intersection graph correspond-

ng to a set Xv, we add all vertices associated with all possibilities of

odifications for Xv. For instance, in the previously described model

nvolving disk graphs, each possible radius of the disk associated with

will correspond to a new vertex. We draw an edge between two
ertices if the related sets intersect. Then we consider as a cluster all

ertices defined from v and associate each of them with a correspond-

ng weight. Then, modifying the original graph can be accomplished

y selecting one vertex per cluster in the new graph. The drawback

f this method is that it requires enumerating all modifications of the

riginal graph. Consequently, any inverse chromatic number problem

ay be transformed into a huge instance of weighted minimum se-

ective coloring, even an infinite one. This reduction will be illustrated

n Proposition 10 (Section 3).

Note that similar reductions could be established for many mod-

fication strategies, but not for all strategies, for instance, the edge

eletion model.

In Demange et al. (2015), the minimum selective coloring problem

s motivated by several applications in various domains including

avelength assignment, frequency allocations, berth allocation, and

cheduling. The two examples of the application of the minimum

hromatic number problem described above (disk graphs and edge

ntersection graphs of paths) are inspired by applications of minimum

elective coloring. Most applications of minimum selective coloring

ave variants using the inverse chromatic number formulation.

A second close problem is the notion of blockers for the chromatic

umber introduced in Bazgan, Bentz, Picouleau, and Ries (2015).

iven a graph and two integers d, �, the problem is to decide whether

t is possible to remove � edges such that the chromatic number de-

reases by at least d. This problem is close to the inverse chromatic

umber problem within the edge deletion model. The only difference

s that the aim is to decrease the chromatic number by a fixed value

instead of fixing a target chromatic number. These problems are

quivalent in any graph classes for which minimum graph coloring

s polynomial. For instance, the problem is polynomially solvable in

plit graphs and in complements of bipartite graphs if d is a fixed

onstant, and NP-hard in complements of bipartite graphs if d is not

xed Bazgan et al. (2015). We deduce immediately:

roposition 3. The inverse chromatic number problem with edge dele-

ion is NP-hard in complements of bipartite graphs and polynomially

olvable in both complements of bipartite graphs and split graphs under

he additional condition that |K − χ(G)| is bounded by a constant.

.3. A remark about complexity

The decision version of the minimum graph coloring problem (K-

olorability) polynomially Karp reduces to the decision version of the

nverse chromatic number problem. From an instance (G, K) of the

ormer problem (G is a graph and K a number), one can construct

n equivalent instance (G, K, M = 0) of the latter: the vertex color-

ng instance admits a chromatic number of at most K if and only

f no modification is needed in the related instance of the inverse

roblem. Clearly, this reduction holds for any type of transformation

nd for any deviation measure satisfying the following two condi-

ions: the measure has nonnegative values and is null if and only

f nothing is changed in the instance. This is obviously the case in

articular for any norm. Consequently, no matter how an instance is

odified or measured, the inverse chromatic number problem is NP-

ard in any class of graphs for which the graph coloring problem is

P-hard.

Revisiting the examples described for the intersection graph, we

ote that graph coloring is known to be NP-hard in disk graphs, even

f all radii are equal to 1 (Gräf, Stumpf, & Weißenfels, 1998). This is

lso true in edge intersection graphs of paths even if the host graph is

tree (Golumbic & Jamison, 1985). Both results hold even if the inter-

ection model is given, which is natural in most applications involving

hese intersection graph classes. As a consequence, the related inverse

odels correspond to hard inverse chromatic number problems. The

ame holds in overlap graphs. However, graph coloring is well known

o be polynomial in interval and permutation graphs. For these two
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cases, the status of the inverse chromatic number problem in terms

of hardness cannot be so easily deduced. This issue will be addressed

in Sections 3 and 5.

3. The inverse booking problem

We consider a set of intervals I1 = [a1, b1[, . . . , In = [an, bn[ of

length p1, . . . , pn, each representing a reservation request for a

resource3 between two dates ai and bi, i ∈ {1, . . . , n}. It is assumed

that there are more than K reservations overlapping at a single time

slot, while only K identical resources are available. The task is then to

rearrange the given intervals by translating some of them so that:

(i) all intervals can be legally assigned to K identical parallel lines

with no intersection between the intervals assigned to the

same line, and

(ii) the translation cost under the L1 norm—the total discrepancy

between the original and the new interval position vectors—is

minimum.

We call this problem the inverse booking problem, denoted by

IBookK . When interval translations are allowed only to the right-

hand side, the problem is denoted by IBookK,→. In addition, when

interval lengths are restricted (e.g., unitary intervals (pi = 1) or equal

length intervals (pi = p)), we use the following notation: IBookK,pi=1,

IBookK,pi=1,→, IBookK,pi=p, and IBookK,pi=p,→. The case with K = 1 is

denoted by IBookK=1 with similar notations for all other versions.

By definition, the inverse booking problem is a special case of the

inverse chromatic number problem in interval graphs with specific

modification rules (shifting intervals). The K parallel lines associated

with resources represent the K different colors that are allowed in the

graph coloring formulation.

Inverse booking problems are closely related to job scheduling

problems. This gives a new insight into this well-known class of

scheduling problems. For K = 1, IBookK=1 can be seen as a special case

of the so-called total discrepancy problem (Garey, Tarjan, & Wilfong,

1988), which is a single machine job scheduling problem with tar-

diness and earliness costs. An interval Ii = [ai, bi[ corresponds to a

non-preemptive job Ji with a processing time p(Ji) = bi − ai = pi, a

due date d(Ji) = bi, and a completion time c(Ji) = b′
i
. Translation of an

interval to the right-hand side corresponds to tardiness Ti = b′
i
− bi

of the job, and translation to the left-hand side means its earliness

Ei = ai − a′
i
. So, using common scheduling notations, IBookK=1 can be

denoted by 1||∑i(Ei + Ti). This problem was studied by Garey et al.

(1988) and its complexity was recently revisited in Wan and Yuan

(2013).

Proposition 4.

(1) (Wan and Yuan (2013)) 1||∑i(Ei + Ti) (thus, IBookK=1) is NP-

hard in the strong sense.

(2) (Garey et al. (1988)) 1|| min maxi(Ei + Ti) is polynomially solv-

able.

The second item in Proposition 4 deals with the inverse booking

problem under the L∞ norm and will be useful in what follows. In ad-

dition, IBookK=1,→ is equivalent to the minimum tardiness scheduling

problem, denoted by 1|ri|∑i Ti, for non-preemptive jobs with arbi-

trary release dates. Indeed, the left endpoint ai of each interval Ii can

be seen as the release date ri of the job Ji: translations are permitted

only to the right-hand side, meaning that no job can be started before

its release date. For this problem, the following result is known (Kan,

1976):

Proposition 5 (Kan, 1976). 1|ri|∑i Ti (thus, IBookK=1,→) is strongly

NP-hard.
3 Depending on the underlying context, resources can include, for instance, ma-

chines, processors, rooms in a hotel booking system, etc.

m

r

For any bounded integer K, IBookK and IBookK,→ respectively cor-

espond to the multiprocessor scheduling problem with tardiness and

arliness costs, K||∑i(Ei + Ti), and the problem with release dates and

ardiness costs, K|ri|∑i Ti.

IBookK=1 can also be viewed as the unweighted version of the so-

alled single machine just-in-time scheduling problem with earliness and

ardiness costs, denoted by 1||∑i(ηiEi + μiTi). In Müller-Hannemann

nd Sonnikow (2009), it is shown that no approximation ratio of

he form O(cn) for a constant c can be guaranteed for this problem

nless P = NP. As the weights play a crucial role in the proof, the

pproximation behavior of the unweighted case is left as an open

uestion. In what follows, we answer this question by showing that

BookK=1 and IBookK=1,→ are both n-approximable, but not n1−ε-

pproximable for any ε > 0.

roposition 6. IBookK=1 and IBookK=1,→ are n-approximable.

roof. This is an easy consequence of Proposition 4, which stated

hat IBookK=1 under the L∞-norm can be solved in polynomial time.

ince we have |v|∞ ≤ |v|1 ≤ n|v|∞ for every vector v of dimension n,

e conclude that IBookK=1 is n-approximable. The same result can be

btained for IBookK=1,→.

A natural question is whether this approximation ratio of n can

e improved. We provide a negative answer in Theorem 7. This re-

ult corroborates the NP-completeness results in the strong sense for

BookK=1 (Wan & Yuan, 2013) and IBookK=1,→ (Kan, 1976), as men-

ioned in Corollary 8.

heorem 7. Suppose that all interval lengths are bounded by a polyno-

ial function.

(1) There is no polynomial time approximation algorithm for

IBookK=1 or for IBookK=1,→ guaranteeing an approximation ratio

of O(n1−ε), ε > 0, unless P = NP.

(2) The same result holds even if the interval graph corresponding to

the initial set of intervals is bipartite.4

roof. We use a polynomial-time reduction from 3-Partition. An in-

tance of 3-Partition is given by a bound B ∈ N
+ and a finite set

= {x1, . . . , x3m} of 3m elements, each of size s(xi) = di ∈ N
+ for i ∈

1, . . . , 3m} such that B/4 < di < B/2 and
∑3m

i=1 di = mB. A 3-partition

nstance is said to be positive if the xis can be partitioned into m

isjoint groups of three elements, each summing exactly to B. We as-

ume that the dis and B are bounded by a polynomial function. Under

his assumption, 3-Partition is still NP-complete since 3-Partition is

trongly NP-complete (Garey & Johnson, 1979).

For the conciseness of the proof, we first consider IBookK=1, the

roof for IBookK=1,→ being very similar.

1. Let us fix two constants, c and ε > 0, and show that the consid-

red problem cannot be approximated within a ratio of cn1−ε . We as-

ume that some interval lengths are given as rational numbers. Given

n instance of 3-Partition with dis and B, we construct an instance of

BookK=1 as follows (see Fig. 1).

The instance is made up of m + 1 interval blocks, L0, L1, . . . , Lm,

nd 3m intervals, I1, . . . , I3m.

• Each of the interval blocks Lj, j ∈ {0, 1, . . . , m}, consists of T =
3Q(m)m2B contiguous intervals, L

j
i
= [l

j
i
, r

j
i
[, i ∈ {1, . . . , T}, of equal

length. Q(m) is a fixed polynomial function to be defined later.
• The first and last interval blocks L0 and Lm are of total length

T = 3Q(m)m2B, i.e., each interval belonging to L0 or Lm has a length

of 1, while the total length of the other blocks L1, . . . , Lm−1 equals

B, i.e., each of L1, . . . , Lm−1 consists of T contiguous intervals of

length 1
3Q(m)m2 .
4 Even in the case where two machines are enough to process all jobs, the single

achine scheduling problem is still difficult, and cannot be approximated within a

atio of O(n1−ε ), ε > 0.
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Fig. 1. The instance of IBookK=1 associated with an instance of 3-Partition.
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5 In comparison with the previous construction, intervals Iis are shifted to the left-

hand side by D = d1 + (d1 + d2)+ · · · + (d1 + · · · + d3m−1) = (3m − 1)d1 + (3m − 2)d2 +
· · · + 2d3m−2 + d3m−1 ≤ 3 m2B.
• The m + 1 blocks L0, L1, . . . , Lm are distributed along a horizontal

line in this order with a space of length B between every two

consecutive interval blocks. We set the right endpoint of L0 to 0:

r0
T = 0. Each interval block can be written as follows:

– for i ∈ {1, . . . , T}, L0
i

= [−3Q(m)m2B + (i − 1), −3Q(m)m2B + i[,

– for j ∈ {1, . . . , m − 1} and i ∈ {1, . . . , T}, L
j
i
= [(2j − 1)B +

i−1
3Q(m)m2 , (2j − 1)B + i

3Q(m)m2 [,

– for i ∈ {1, . . . , T}, Lm
i

= [(2m − 1)B + (i − 1), (2m − 1)B + i[.

• The 3m elements of the 3-Partition instance are represented by 3m

intervals Ii = [−di, 0[, i ∈ {1, . . . , 3m}, of length di.
• Since B is bounded by a polynomial function, the total number N

of intervals clearly satisfies N ≤ P(m)Q(m) for a fixed polynomial

function P. We then choose Q > c1/εP(1−ε)/ε , implying cN1−ε <

Q(m).

We will show that, in the case where the 3-partition instance ad-

its a positive answer, we have β ≤ 3m2B, where β is the optimal

alue of the constructed IBookK=1 instance. In the opposite case, we

ave β ≥ 3Q(m)m2B. We then conclude that no polynomial-time al-

orithm guarantees the ratio ρ(n), where n is the number of intervals.

Let us first consider the case where a 3-partition exists for the

riginal instance: the set X can be partitioned into m disjoint 3-sets

1, . . . , Xm such that for any j ∈ {1, . . . , m},
∑

x∈Xj
s(x) = B. By renum-

ering the intervals Iis (i ∈ {1, . . . , 3m}), we may assume without

oss of generality that for j ∈ {1, . . . , m}, three elements of Xj cor-

espond to intervals I3j−2, I3j−1 and I3j, respectively. Let us denote by

j = [r
j−1
T , l

j
1[, j ∈ {1, . . . , m}, the space between Lj−1 and Lj of length B.

ach Bj can be filled up with three intervals I3j−2, I3j−1 and I3j for any

∈ {1, . . . , m}. Translating I3j−2, I3j−1 and I3j to the right-hand side at

east by (2j − 2)B and at most by (2j − 1)B yields a feasible solution for

BookK=1 of a value not greater than 3m2B. Hence, we have β ≤ 3m2B.

Suppose now that there is no 3-partition for X. In this case, the

m intervals Iis cannot all be inserted within the spaces Bjs. In order

o have all the intervals stand in line, at least one of the following

wo actions should be conducted: (i) shifting some Iis either to the

eft-hand side of L0 or to the right-hand side of Lm, and (ii) widening

ome Bjs at least by 1 (since di ∈ N for i ∈ {1, . . . , 3m}). Since the

nterval blocks L0 and Lm are of total length T = 3Q(m)m2B, action (i)

ields a cost of (at least) 3Q(m)m2B. To widen some Bjs, one needs

o shift some block Lj, j ∈ {0, . . . , m}, at least by a distance of 1 to

he left- or right-hand side. Since each interval block is composed of

= 3Q(m)m2B small intervals, such an action yields a cost of at least

Q(m)m2B. Hence, we have β ≥ 3Q(m)m2B.

Assume that there is a polynomial-time approximation algorithm

or IBookK=1 which guarantees the approximation ratio ρ(n) ≤ cn1−ε

or any ε > 0, where c is a constant and n is the number of inter-

als of the instance. In case of a 3-partition (β ≤ 3m2B), this algo-

ithm delivers a solution for the IBookK=1 instance with N inter-

als of value λ ≤ 3m2Bρ(N) ≤ 3cN1−εm2B < 3Q(m)m2B (recall that
N1−ε < Q(m)). In the opposite case where no 3-partition exists, the

lgorithm returns a solution of value λ ≥ β ≥ 3Q(m)m2B. This implies

he existence of a polynomial-time algorithm which solves 3-Partition,

ontradicting the strong NP-completeness of 3-Partition.

2. In the previous construction, the related interval graph (see

ig. 1) is (3m + 1)-colorable. Based on the same structure, we con-

truct a 2-colorable instance of IBookK=1 by repositioning the 3m

ntervals Ii = [ai, bi[, 1 ≤ i ≤ 3m, in such a way that bi+1 = ai, i ∈
1, . . . , 3m − 1} and b1 = 0. We assume without loss of generality

hat d1 ≤ d2 ≤ · · · ≤ d3m, where di = bi − ai for i ∈ {1, . . . , 3m}.

Taking into account these changes,5 we assume that each of the

nterval blocks L1, . . . , Lm−1 consists of 5Q(m)m2B intervals of length
1

5Q(m)m2 , and that block Lm consists of 5Q(m)m2B intervals of length

. To ensure that no interval Ii, 1 ≤ i ≤ 3m will be shifted to the

eft-hand side of the block L0, we increase the total length of L0 to

Q(m)m2B. As in the previous case, the polynomial function Q is

hosen so that the number N of intervals satisfies cN1−ε < Q(m). If

here is a polynomial-time approximation algorithm for IBookK=1,

uaranteeing the ratio O(n1−ε), ε > 0, then it would deliver a solu-

ion of value λ < 5Q(m)m2B for the case where a 3-partition exists

β ≤ 3m2B + X0 ≤ 5m2B) and a solution of value λ ≥ 5Q(m)m2B for

he opposite case. Such an algorithm would solve 3-Partition, which

s impossible unless P=NP. Hence, IBookK=1 with the bipartite con-

traint cannot be approximated within the ratio of O(n1−ε), ε > 0.

Recall that some interval lengths are defined as rational numbers.

y multiplying all interval lengths by the same number (e.g., 3Q(m)m2

nd 5Q(m)m2 for Proofs (1) and (2), respectively), we can easily obtain

n instance with integer data. The value of each solution should also

e multiplied by this common value.

Finally, an instance of IBookK=1,→ can be constructed in a similar

ay (but in this case, L0 can be replaced by a single unit interval). The

ame arguments hold for this case, which concludes the proof of the

heorem.

The strong NP-hardness of 1||∑i(Ei + Ti) (IBookK=1) (Wan & Yuan,

013) and of 1|ri|∑i Ti (IBookK=1,→) (Kan, 1976) can be obtained as a

irect corollary:

orollary 8. For every K ≥ 1, IBookK and IBookK,→ are strongly NP-

ard.

roof. In the proof of Theorem 7, we show that the 3-partition prob-

em with dis and B bounded by a polynomial function polynomially

educes to IBookK=1 and IBookK=1,→. In addition, all numbers in-

olved in the constructed instances of IBookK=1 and IBookK=1,→ are

ounded by a polynomial function. This implies that both problems

re NP-hard in a strong sense. Obviously, this result also holds for any

xed value of K ≥ 1.

As a natural extension, we investigate the particular case of

BookK,→ where there is only a constant number of different interval

engths. For brevity, the proof for the following proposition is given

n Appendix A.

roposition 9. If all interval lengths belong to the set {1, 2, 5, 7, 9, L, L +
, 8L + 5}, where L ∈ N is a polynomial function depending on n, then

BookK,→ is NP-hard.

. Some polynomial cases for the inverse booking problem

Previously, we pointed out the equivalence between inverse

ooking problems and scheduling problems. Indeed, IBookK=1 is

quivalent to the total discrepancy problem K = 1||∑ (Ei + Ti), and
2
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IBookK≥1,→ is equivalent to the multiprocessor scheduling problem

with release dates, K|ri|∑i Ti. These equivalences lead to some poly-

nomial results for the inverse booking problem and its variants. In

particular, if job processing times are all equal, then the problem

K = 1|pi = p|∑i(Ei + Ti) (hence, IBookK=1,pi=p) can be solved in poly-

nomial time (Garey et al., 1988), even with rational value starting

dates (Verma & Dessouky, 1998).

In addition, Baptiste (2000) showed that when all job processing

times are equal, K|pi = p, ri|∑i Ti (and hence IBookK →,pi=p) can be

solved in polynomial time for any fixed K ≥ 1. The related complexity

is (O(|V|3K+2), which was improved in Brucker and Kravchenko (2005)

using a linear programming approach. Moreover, if all processing

times are equal to 1, it is well known that a common flow approach can

be applied for K|pi = 1, ri|∑i Ti (see, e.g., Baptiste & Brucker, 2004),

even in a weighted case or one with more general objectives that can

be expressed as the sum of non-decreasing functions of completion

times. A similar approach can be taken for K|pi = 1, ri|∑i(Ei + Ti), and

thus for IBookK,pi=1 (see Brucker, 1995). These results are now very

familiar. Explicit proof is provided in Proposition 10, which allows us

to evaluate the related complexity. Note that even a weighted version

of the results with specific translation costs (not considered here) can

be obtained by the same method.

For the rest of this section, we restrict our investigation to intervals

of length 1. Thus, an interval system is entirely defined by a position

vector I0 = (a1, . . . , an), each component ai, i ∈ {1, . . . , n} denoting the

left endpoint of the ith interval. Without loss of generality, we assume

that a1 ≤ · · · ≤ ai ≤ · · · ≤ an.

Proposition 10 (See Baptiste & Brucker, 2004; Brucker, 1995). If inter-

val lengths are all equal to 1 and their endpoints have integer values, then

for any K, IBookK,pi=1 and IBookK,pi=1,→ can be solved in time O(n4 log n).
Equivalently, this holds for K|pi = 1|∑i(Ei + Ti) and K|pi = 1, ri|∑i Ti.

Proof. We sketch the proof using a very classical method. We denote

by K = {1, . . . , K} the set of K lines. Without loss of generality, we

can assume K < n since, in the opposite case, the optimal value of

the instance is zero. Consider a set I of n intervals Ii = [ai, ai + 1[, i ∈
{1, . . . , n}, such that ai ∈ Z, i ∈ {1, . . . , n}, and a1 ≤ · · · ≤ ai ≤ · · · ≤ an.

Let (a1, . . . , an) be the related position vector. Every optimal solution

(a∗
1, . . . , a∗

n) for IBookK,pi=1 satisfies a∗
i

∈ Z, i ∈ {1, . . . , n}. A feasible

solution with integer endpoints can be defined by specifying a state

(i, q, k) for every interval i ∈ {1, . . . , n}, where q ∈ Z and k ∈ K. The

state (i, q, k) indicates that the ith interval Ii is translated by distance

q ∈ Z and is assigned to the kth line for k ∈ K.

Note that in any optimal solution, no interval is translated by

more than
⌈

n
2K

⌉
. Indeed, suppose that an interval Ii = [ai, ai + 1[ is

translated by distance D ∈ Z. Then, excluding Ii, there are 2D − 1

intervals [xi, xi + 1[ with xi ∈ {ai − D + 1, . . . , ai + D − 1} on each of

the K lines; otherwise one can obtain a better solution by trans-

lating Ii = [ai, ai + 1[ by distance D′ < D. So, the total number n

of intervals is at least K(2D − 1)+ 1, which implies that D ≤ ⌈
n

2K

⌉
.

Consequently, we can restrict ourselves to the set of states S =
I × {− ⌈

n
2K

⌉
, . . . ,

⌈
n

2K

⌉} × K.

So, for every interval Ii ∈ I, we denote by Ai = {ai + q, q ∈
{− ⌈

n
2K

⌉
, . . . ,

⌈
n

2K

⌉}} the set of all possible left endpoints of Ii af-

ter translation. Let A = ⋃
i∈{1,...,n} Ai. We construct an edge-weighted

bipartite graph B̃ = (I ∪ (A × K), ẼB) with complete connections be-

tween Ii and Ai × K. There is a one-to-one correspondence between

edges in ẼB and all possible states in S . As K ≤ n, |S| = |ẼB| = O(n2).
We then define an edge-weight function, assigning the weight |q| to

the edge associated with state (i, q, k). This corresponds to the trans-

lation cost of the related interval.

Then, the problem IBookK,pi=1 reduces to the computation of a

minimum weight matching of size n in B̃, which can be solved by the

Hungarian method in time O(|V|(|E| + |V| log |V|)), where |V| is the

number of vertices and |E| is the number of edges in the bipartite
raph (Schrijver, 2003). Since B̃ has at most O(n2) vertices and O(n2)
dges, IBookK,pi=1 can be solved in time O(n4 log n). For the case where

ranslations are only allowed to the right-hand side, we restrict the al-

owable translation distance q to the values in {0, . . . ,
⌊

n
K

⌋}, obtaining

he same result for IBookK,pi=1,→.

As the main focus of this section, we provide a polynomial case that

eneralizes the cases mentioned earlier. We show that the problem

BookK,→ with a fixed number � of different interval lengths p1, . . . , p�

hat are all bounded by a polynomial function can be solved in poly-

omial time for a fixed number K of lines. To our knowledge, this

olynomial case is heretofore unknown. The main difference from

he hard case stated in Proposition 9 is that the number of lines (ma-

hines) is bounded.

We consider p1, . . . , p� to be the possible values of interval lengths,

ll being bounded by a polynomial function with respect to the num-

er n of intervals. For any j ∈ {1, . . . , �}, let nj be the number of inter-

als of length pj. We then have n = ∑�
j=1 nj. For any j ∈ {1, . . . , �} and

∈ {1, . . . , nj}, let a
j
i

be the initial left endpoint of interval I
j
i

of length

j, and we denote by (aj
i
)i∈{1,...,nj},j∈{1,...,�} the initial position vector. We

ssume that a
j
1 ≤ · · · ≤ a

j
i
≤ · · · ≤ a

j
nj

for every j ∈ {1, . . . , �}. We sup-

ose that all entries a
j
i
, i ∈ {1, . . . , nj}, j ∈ {1, . . . , �}, and lengths pj, j ∈

1, . . . , �} are integers. Without loss of generality, we assume that for

ny j ∈ {1, . . . , �} and i ∈ {1, . . . , nj}, a
j
i
∈ N, pj ∈ N, and mini,j a

j
i
= 0.

Similarly, we denote by (f j
i
)j∈{1,...,�},i∈{1,...,nj} any position vector

ssociated with a feasible solution for the given instance. By definition

f the problem IBookK,→, we have f
j
i

≥ a
j
i

for every j ∈ {1, . . . , �} and

∈ {1, . . . , nj}.

efinition 1. A feasible position vector (f j
i
)j∈{1,...,�},i∈{1,...,nj} is said to

e monotonous if f
j
1 ≤ · · · ≤ f

j
i

≤ · · · ≤ f
j
nj

for every j ∈ {1, . . . , �} and

∈ {1, . . . , nj}.

Note that for any non-monotonous feasible solution, if for a given

0 ∈ {1, . . . , �} we have a
j0
i1

≤ a
j0
i2

and f
j0
i1

> f
j0
i2

, then defining f̃
j0
i1

= f
j0
i2

,

j̃0
i2

= f
j0
i1

, and f̃
j
i

= f
j
i

for all other (i, j) 
= (i1, j0), (i2, j0), we get a new

easible solution of better value. So we have:

emma 11. If there exists an optimal solution for IBookK,→, then there

s a monotonous optimal solution.

In addition, we can assume the following restrictions on position

ectors.

emma 12. Without loss of generality, we can restrict ourselves to

osition vectors satisfying, for every j ∈ {1, . . . , �} and i ∈ {1, . . . , nj},
j
i

∈ {a
j
i
, a

j
i
+ 1, . . . , a

j
i
+ (n − 1)L}, where n is the total number of inter-

als and L is the maximum interval length.

roof. Consider indeed a feasible position vector (f j
i
)j∈{1,...,�},i∈{1,...,nj}

ith f
j0
i0

> a
j0
i0

+ (n − 1)L for some i0 and j0 (the interval I
j0
i0

is translated

y more than (n − 1)L). Suppose that I
j0
i0

is assigned to line k. Denote

y A the set of all intervals It
s allocated to line k and such that f t

s ≥
j0
i0

, (s, t) 
= (i0, j0). It would be less costly to insert I
j0
i0

on line k at

he first available position after shifting all intervals in A by pj0
≤ L.

ore precisely, denote by b = max{f
j
i
+ pj|Ij

i
assigned to line k and

j
i

< a
j0
i0
} the largest right-hand point of intervals assigned to line k

nd positioned before a
j0
i0

. We then define f̃
j0
i0

= max(a
j0
i0

, b); for every

t
s ∈ A, f̃ t

s = f t
s + pj0

and for all other intervals I
j
i
, we pose f̃

j
i

= f
j
i
. The

ew position vector f̃ is feasible and less costly than f .

As an immediate consequence, one can assume that the distance

etween two consecutive a
j
i
s is no more than (n − 1)L. If this is not
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Fig. 2. The lattice representation of train times.

Table 1

Train arrival and departure times.

Train Arrival time Departure time

T1 9 p.m. 8.30 a.m.

T2 9.30 p.m. 9.30 a.m.

T3 9.45 p.m. 10 a.m.

T4 10.30 p.m. 9 a.m.

T5 11 p.m. 9.15 a.m.

T6 11 p.m. 7 a.m.
he case, then the instance can be split into two independent sub-

nstances.

A consequence of Lemma 12 is that ∀j ∈ {1, . . . , �}, i ∈ {1, . . . , nj}
e have f

j
i

≤ n2L. Indeed, assuming that (i) mini,j(a
j
i
) = 0, (ii) the

istance between two consecutive a
j
i
s is at most (n − 1)L and (iii)

i, j, f
j
i

≤ a
j
i
+ (n − 1)L, we get maxi,j f

j
i

≤ n(L + (n − 1)L) = n2L.

We then design a dynamic programming algorithm as follows. For

j ≤ nj, qr ∈ {0, . . . , (n2 + 1)L} and tr ∈ {1, . . . , �}, with j ∈ {1, . . . , �}
nd r ∈ {1, . . . , K}, we denote by S(k1, . . . , k�, q1, . . . , qK , t1, . . . , tK) the

et of all (partial) solutions where, for every j ∈ {1, . . . , �}, the kj inter-

als I
j
i
, i ∈ {1, . . . , kj} of length pj are monotonously positioned on K

ines, and the right-most interval assigned to line r ∈ {1, . . . , K} ends

t qr and has length ptr .

We denote by S(k1, . . . , k�, q1, . . . , qK , t1, . . . , tK) the state of the

nterval system such that the first kj ≤ nj intervals of length pj are

lready positioned.

If S(k1, . . . , k�, q1, . . . , qK , t1, . . . , tK) = ∅, then we set

(k1, . . . , k�, q1, . . . , qK , t1, . . . , tK) = +∞. With these notations,

he optimal value of the considered instance is then:

min
q1,...,qK ,t1,...,tK)∈{0,...,n2L}K ×{1,...,�}K

V(n1, . . . , n�, q1, . . . , qK , t1, . . . , tK)

n the dynamic programming process, the induction is maid on
�
j=1 kj. The main step is explained in Lemma 13.

Let SN = {S(k1, . . . , k�, q1, . . . , qK , t1, . . . + tK)|k1 + . . . , k� ≤ N} be

he set of states for which the total number of intervals already po-

itioned is at most N. We have: |SN| ≤ N�((n2 + 1)L)K�K ≤ O(LK n�+2K)
or fixed constants � and K.

emma 13. Suppose that V(k′
1, . . . , k′

�, q′
1, . . . , q′

K , t′
1, . . . , t′

K) is

nown for all (k′
1, . . . , k′

�) such that k′
1 + . . . + k′

� ≤ N, and for all

q′
1, . . . , q′

K , t′
1, . . . , t′

K). Then, Algorithm 1 computes all values of

(k1, . . . , k�, q1, . . . , qK , t1, . . . , tK) for k1 + · · · + k� = N + 1. It runs in

ime O(n2L) if K and � are fixed constants.

lgorithm 1 Main step of the dynamic programming algorithm.

equire: Values of V(k′
1, . . . , k′

�, q′
1, . . . , q′

K , t′
1, . . . , t′

K) with k′
1 + · · · +

k′
� ≤ N and a state (k1, . . . , k�, q1, . . . , qK , t1, . . . , tK)with k1 + · · · +

k� = N + 1.

nsure: V(k1, . . . , k�, q1, . . . , qK , t1, . . . , tK).
1: r̄ ← argmax{q1, . . . , qK}
2: if ktr̄


= 0 and a
tr̄
ktr̄

+ ptr̄
≤ qr̄ then

3:

V(k1, . . . , k�, q1, . . . , qK , t1, . . . , tK) ←
min

q∈{0,...,qr̄−ptr̄
}

t∈{1,...,�}
[V(k1, . . . , ktr̄

− 1
↑
tr̄

, . . . , k�, q1, . . . , q
↑
r̄

, . . . , qK ,

t1, . . . , t
↑
r̄

, . . . , tK) + (qr̄ − ptr̄
− a

tr̄
ktr̄

)]

4: else

5: V(k1, . . . , k�, q1, . . . , qK , t1, . . . , tK) ← +∞
6: end if

roof. Let r̄, 1 ≤ r̄ ≤ K be the line such that qr̄ = max{q1, . . . , qK}.

lgorithm 1 considers every possible state obtained from

(k1, . . . , k�, q1, . . . , qK , t1, . . . , tK) by removing the inter-

al I
tr̄
ktr̄

, and computes (see Line 3) the best solution value

(k1, . . . , k�, q1, . . . , qK , t1, . . . , tK). Regarding the complexity, Line 1

equires a constant time and Line 3 requires O(n2L) time if K and �

re fixed constants.

Using Lemma 13, an algorithm is immediately obtained that com-

utes all values of V(k1, . . . , k�, q1, . . . , qK , t1, . . . , tK). For any given �

nd K, the related complexity is O(
∑n

N=1 |SN|n2L) = O(n�+2K+3L1+K).
o, if � and K are fixed constants and L is a polynomial function of n,
hen the related complexity is polynomial. This leads to the following

heorem:

heorem 14. BookK,→ can be solved in polynomial time under the fol-

owing conditions: all parameters have integer values, the number of

ifferent interval lengths and the number of parallel lines are fixed, and

he maximum interval length is bounded by a polynomial function.

. The inverse track assignment problem: An example in

ermutation graphs

Let us consider the following track assignment problem described

n Brucker and Nordmann (1994): in a train depot, trains should be

tored during the night on some tracks. Each track may contain several

rains organized as a stack according to the First In Last Out rule: the

rain entering last on the track must leave first the next morning. So,

n each track, trains must be stored in the order of their arrival time

nd in the reverse order of their departure time. Such an assignment

s called legal. It is assumed that, at a given time (e.g., midnight),

ll trains are stored on tracks. This is called the midnight condition.

he minimum track assignment problem consists in finding a legal

ssignment using the minimum number of parallel tracks.

For an inverse version of this problem, suppose that there are n

rains and K tracks. The arrival and departure times of each train are

nown. If no legal assignment exists, then the departure times must

e modified as little as possible so that n trains with new departure

imes can be legally assigned to K tracks.

One can represent each train on a two-dimensional lattice plan

ith the arrival times on the x-axis and the departure times in re-

erse order or the complements of the departure times with respect

o a fixed time (e.g., 12 a.m. in Fig. 2) on the y-axis. An example

chedule and the lattice representation are given in Table 1 and Fig. 2,

espectively.

Given this schedule and its lattice representation, there is a le-

al assignment of n trains to K tracks if and only if the different

oints in the lattice representation can be partitioned into K non-

ecreasing subsequences. So, the inverse track assignment problem

nvolves modifying as little as possible the values of y-coordinates

o as to obtain at most K non-decreasing subsequences in the lattice

epresentation.

This problem can be represented using a permutation graph. A

ermutation graph (Golumbic, 1980) is usually constructed from
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Fig. 3. An optimal modification for K = 2.
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a permutation, but it can also be constructed from a sequence

(π = (π1, . . . , πn)) of numbers: each vertex corresponds to one

number in the sequence, and two vertices corresponding to πi and

πj are connected by an edge if i < j and πi > πj. Such a graph

can be equivalently represented by a list L = (P1, . . . , Pn) of points,

Pi = (xi, yi), with x-coordinate xi and y-coordinate yi in the two-

dimensional plan.

In this permutation graph representation, a stable set is a set of

vertices inL that are in non-decreasing order (vertices along a vertical

or horizontal line are listed in non-decreasing order), while a clique

is either a single vertex or vertices in decreasing order. The graph

is K-colorable if and only if the set L can be divided into at most

K non-decreasing subsequences. Using this model, the inverse track

assignment problem corresponds to a particular case of the inverse

chromatic number problem in permutation graphs. The task consists

in modifying the y-coordinates in a fixed lattice representation. By

assuming that y-coordinates can only be decreased, one can define a

variant of the inverse track assignment problem where train depar-

tures can only be delayed. Here, we use the L1-norm to measure a

modification of the instance, but other norms can also be used. For

the example corresponding to Table 1 and K = 2, an optimal modi-

fication is given in Fig. 3 that corresponds to delaying the departure

time of train T2 by 30 minutes and the departure time of train T4 by

15 minutes. The total cost is then 45 minutes.

If the midnight condition is not assumed, then the problem be-

comes an inverse chromatic number problem in a larger class of

graphs, called overlap graphs. Given n intervals associated with n

trains, an overlap graph (Golumbic, 1980) is defined as follows: each

vertex represents an interval during which the related train must be

stored in the depot, and two vertices are joined by an edge if and only

if the two corresponding intervals overlap, but they do not properly

contain each other. If the midnight condition is satisfied (all intervals

share a common point), then the resulting overlap graph is a permu-

tation graph. The minimum k-colorability problem is known to be NP-

complete in overlap graphs (Garey, Johnson, Miller, & Papadimitriou,

1980). As mentioned in Introduction, this implies that the related

inverse chromatic number problem is NP-hard.

Corollary 15. The inverse track assignment problem without the mid-

night condition is NP-hard.

5.1. The inverse (p, k)-colorability problem on permutation graphs

Here, we consider a generalization of the inverse chromatic num-

ber problem called the inverse (p, k)-colorability problem, and denoted

by ICOL(p,k). The case with p = 0 and k = K corresponds to the inverse

track assignment problem. Given a permutation graph defined by a

lattice representation L, the problem consists in modifying as little

as possible the y-coordinates, from L to L′, in such a way that L′ can

be partitioned into p decreasing subsequences and k non-decreasing

subsequences. A single vertex can be considered as either a decreasing

or non-increasing subsequence. Equivalently, the graph G[L′] associ-
ted with L′ can be partitioned into p cliques and k stable sets (i.e., it

dmits a (p, k)-coloring).

We propose a dynamic programming algorithm for solving

COL(p,k). Given an instance defined by a listL = (P1, . . . , Pn), with Pi =
xi, yi), we denote by Y the set of y-coordinates. Without loss of gener-

lity we assume that L is in non-decreasing lexicographic order: x1 ≤
· · ,≤ xn, and if xi = xi+1, 1 ≤ i < n, then yi+1 ≥ yi. We then see that

here is always an optimal solution with modified y-coordinates in Y .

For any integer t ≤ n, let L[t] = (P1, . . . , Pt) (L = L[n]) and let
′[t] = (P′

1, . . . , P′
t), with P′

i
= (xi, y′

i
) and y′

i
∈ Y denoting any modi-

ed list. We denote by Ci, i ∈ {1, . . . , p}, a decreasing subsequence of

[t] and by Sj, j ∈ {1, . . . , k}, a non-decreasing subsequence of L[t].

or any subset τ ⊂ L[t] of L[t], we denote by min(τ ) and max(τ )
he minimum and maximum y-coordinate of the elements in τ , re-

pectively. In addition, by denoting L′[t] = ⋃
1≤i≤p Ci ∪ ⋃

1≤j≤k Sj, we

ean that L′[t] is covered by p decreasing subsequences C1, . . . , Cp

nd k non-decreasing subsequences S1, . . . , Sk. Let T = {(Ap, Bk) =
a1, . . . , ap, b1, . . . , bk) ∈ Yp+k} be the set of vectors of dimension

p + k) with coordinates in Y . We have |T | = O(np+k). With any de-

omposition L′[t] = ⋃
1≤i≤p Ci ∪ ⋃

1≤j≤k Sj of L[t], we associate the

ector (Ap, Bk) ∈ T such that ∀i ∈ {1, . . . , p}, ai = min(Ci) and ∀j ∈
1, . . . , k}, bj = max(Sj).

For any integer t such that p + k ≤ t ≤ n, and any fixed vector

Ap, Bk) ∈ T , we consider the problem Pt(Ap, Bk), defined as follows:

t(Ap, Bk)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

min
∑

1≤h≤t

|yh − y′
h
|

s.t. L′[t] = C1 ∪ . . . ∪ Cp ∪ S1 ∪ . . . ∪ Sk

ai = min (Ci), ∀i ∈ {1, . . . , p}
bj = max (Sj), ∀j ∈ {1, . . . , k}

here yh is the y-coordinate of the hth element in L[t] and y′
h

is

he y-coordinate of the hth element in L′[t]. Let v(Pt(Ap, Bk)) be the

inimum value of Pt(Ap, Bk). For any i ∈ {1, . . . , p} and j ∈ {1, . . . , k},

et us define f (i) and g(j) as follows:

f (i) = |yt+1 − ai|
+ min

{ui≥ai}
v(Pt(a1, . . . , ai−1, ui, ai+1, . . . , ap, b1, . . . , bk))

(j) = |yt+1 − bj|
+ min

{vj≤bj}
v(Pt(a1, . . . , ap, b1, . . . , bj−1, vj, bj+1, . . . , bk)).

hen, for any fixed vector (Ap, Bk) ∈ T , the inductive relation between

t(Ap, Bk) and Pt+1(Ap, Bk) can be expressed as follows:

(Pt+1(Ap, Bk)) = min {min
1≤i≤p

f (i), min
1≤j≤k

g(j) },
v(Pt(Ap, Bk)) = 0 if t ≤ p + k.

hen, the optimal solution value of ICOL(p,k) is given by v(Pn) =
in(Ap,Bk)∈T v(Pn(Ap, Bk)).

Let us evaluate the worst-case running time required to com-

ute the optimum value v(Pn) for a list L of n vertices. The values

f v(Pt(Ap, Bk)) are stored in a table of size O(np+k+1) (n lines and

T | = O(np+k) columns). For any fixed integer t ≤ n and any fixed

ector (Ap, Bk) ∈ T , the optimal solution of Pt+1(Ap, Bk) is obtained

rom a solution of Pt(A′
p, B′

k
), (A′

p, B′
k
) ∈ T , computed at the previous

tep. For this, we merely need the minimum among f (i), 1 ≤ i ≤ p and

(j), 1 ≤ j ≤ k, which requires O(n2) running time (since (p + k) ≤ n).

o, for any fixed integer t ≤ n, computing all the tth line requires

(np+k+2) running time. Since the table contains n lines, the overall

unning time is bounded by O(np+k+3).

roposition 16. If p and k are constant, then ICOL(p,k) can be solved in

olynomial time in permutation graphs.

For p = 0, we get:

orollary 17. For any constant K, the inverse track assignment problem

n K tracks under the midnight condition can be solved in polynomial
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Fig. 4. The graph GI0
associated with an instance I0 of (2,2)-Sat.
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defined by X = {x1, x2, x3} and C = {c1, c2, c3, c4, c5} where c1 = x1 ∨

6 We remind that an instance of Vertex Cover is a graph G = (V, E) and an integer

M and the question is whether there is a subset V ′ ⊂ V of size M or less such that for

every edge (uv) ∈ E, V ′ ∩ {u, v} 
= ∅.
. Concluding remarks

In this paper, we introduced an inverse version of minimum graph

oloring called the inverse chromatic number problem. We focused

n two particular cases in interval and permutation graphs. For both

ases, we described possible application frameworks and proposed

ome complexity results. We selected these two examples for two

ain reasons:

(1) Since the inverse chromatic number problem is as hard as the

k-colorability problem, we first focused on classes of graphs

where minimum coloring is polynomial. The results in interval

graphs demonstrate that, even in this case, the inverse chro-

matic number problem may be intractable.

(2) These two examples illustrate inverse models that cannot di-

rectly be represented by usual graph problems. Instead of mod-

ifying the given graph, we modify the interval system or the

lattice representation associated with the given graph so that

the resulting graph has a chromatic number of K or less.

he inverse booking problem proved to be closely related to well-

nown scheduling problems. We presented improved hardness re-

ults in approximation and with a fixed number of interval sizes.

oreover, their presentation as inverse problems makes some new

pecific cases and generalizations relevant. In future studies, modifi-

ations of the interval system may be considered in which the interval

ength can be reduced at minimal cost, or intervals can be split into a

xed number of segments.

As mentioned in Section 2, the inverse booking problem examined

ere immediately suggests similar problems in other classes of inter-

ection graphs like disk graphs, edge-intersection graphs of paths,

nd intersection graphs of rectangles (see, e.g., the berth allocation

roblem presented in Demange et al., 2015) or circular arc graphs (i.e.,

ntersection graphs of arcs). Since these classes induce hard coloring

roblems (Garey et al., 1980; Golumbic & Jamison, 1985; Gräf et al.,

998; Lee & Leung, 1984), one may expect them to generate very hard

ersions of the inverse chromatic number problem.

To our knowledge, the inverse track assignment problem is new

o the literature. We proved its tractability in polynomial time, how-

ver, the complexity remains open if the number of tracks is part

f the problem instance. Here also, many generalizations can be

ade. Instead of changing the lattice representation of the graph,

he interval system in the equivalent interval representation may be

hanged. Some modifications can be represented with the inverse

odel proposed here, while others induce alternative inverse mod-

ls. Our model already considers the case of overlap graphs. Here also,

ecause the minimum coloring problem is hard in this class (Garey

t al., 1980), the related inverse problem is expected to be much

arder than in permutation graphs.

The minimum inverse chromatic number problem may be studied

n other classes of graphs using specific graph modification strategies.

he inverse number problems may be considered for other combina-

orial optimization problems.
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ppendix A

In this section, we prove that IBookK,→ is NP-hard if all interval

engths belong to the set {1, 2, 5, 7, 9, L, L + 3, 8L + 5} where L ∈ N is a

olynomial function that depends on n. For this purpose, we consider

he problem (2,2)-Sat:
(2,2)-Sat
Instance: Set X of variables, collection C of clauses over X such that

ach clause contains 2 or 3 literals, and every literal x and x appears

xactly two times.

Question: Is there a satisfying truth assignment for C?

(2,2)-Sat is known to be NP-complete (Berman, Karpinski, &

cott, 2003). Our proof proceeds in two steps. Using a reduction from

2,2)-Sat, we first show that a particular case of Vertex Cover,6 called

estricted Vertex Cover (RVC for short) is NP-complete. Then, we re-

uce this particular case of Vertex Cover to IBookK,→.

Let us first describe how we build a graph GI from an instance I

f(2,2)-Sat. This is the core of the reduction.

Consider an instance I of (2,2)-Sat with a set X = {x1, . . . , xn} of

variables, a set X ∪ X = ∪1≤i≤n{xi, xi} of 2n literals, and a collection

= {c1, . . . , cp+k} of clauses, where k is the number of 2-clauses and

the number of 3-clauses. For the simplicity of the proof, we suppose

hat the clauses are renumbered in such a way that c1, . . . , ck are 2-

lauses and ck+1, . . . , cp+k are 3-clauses. As each literal appears exactly

wice, we have 4n = 3p + 2k.

We then construct a graph GI = (V, E) of order 6n as follows:

a. V = V0 ∪ V1 with

* V0 = ⋃
1≤i≤n{v0(xi), v0(xi)} and

* V1 = ⋃
1≤i≤n{v1(xi), v2(xi), v1(xi), v2(xi)}.

b. E = E′ ∪ E′′ ∪ E′′′, where

* E′ = ⋃
1≤i≤n

{
e′

i,1
, e′

i,2
, e′

i,3
, e′

i,4
, e′

i,5

}
, with e′

i,1
= (v0(xi)v0(xi)}),

e′
i,2

= (v0(xi)v1(xi)}), e′
i,3

= (v0(xi)v2(xi)), e′
i,4

= (v0(xi)v1(xi)),
and e′

i,5
= (v0(xi)v2(xi)).

* E′′ is a set of the edges with both extremities in V1.

* E′′′ is a set of the disjoint 3-cliques with three vertices in V1

such that every vertex in V1 is an extremity of either one edge

of E′′ or two edges of E′′′.

Briefly speaking, we create for each variable xi ∈ X a truth-setting

omponent consisting of two vertices v0(xi) and v0(xi), connected by

n edge (v0(xi)v0(xi)). For each literal y ∈ X ∪ X, we add two vertices

1(y) and v2(y) representing respectively the first and the second

ccurrence of the literal y. Each of these two vertices are connected

o v0(y) by an edge.

For each clause cj ∈ C, we create some edges. If two literals y and z

re contained in a same clause cj, we consider the related vertices vi(y)
with i = 1 if cj is the first clause containing y and i = 2 otherwise)

nd vi(z), and we connect these two vertices by an edge. So, a 2-clause

s represented by an edge and a 3-clause by a triangle.

Fig. 4 depicts the graph obtained from the instance I0 of (2,2)-Sat
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(a) (b)

Fig. 5. (a) The whole instance I6n with n = 4, p = 2, and k = 5 and (b) the sub-instance I6(di).
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x3, c2 = x1 ∨ x2, c3 = x2 ∨ x3, c4 = x1 ∨ x2 ∨ x3 and c5 = x1 ∨ x2 ∨ x3.

We define F as the set {(I, GI), I ∈ I} where I denotes the set of

(2,2)-Sat-instances. Since the graph GI ∈ F is given together with

the instance I, the membership to F can be decided in polynomial

time with respect to the size of I. Note also that this transformation

can be completed in polynomial time.

We then denote by RVC (Restricted Vertex Cover) the restriction of

Vertex Cover to the graphs GI, I ∈ I:

RVC:

Instance: an instance I ∈ I with n variables, k 2-clauses and p 3-

clauses and the graph GI .

Question: Does GI contain a vertex cover of size at most M = n +
k + 2p?

Lemma 18. The RVC problem is NP-complete.

Proof. We prove this result by using a reduction from (2,2)-Sat.

The argument is very similar to the classical proof that Vertex Cover

is NP-complete by a reduction from 3-SAT (see Garey & Johnson, 1979,

p. 55). From an instance I ∈ I, we construct in polynomial time GI as

described previously. It is straightforward to verify that GI has a vertex

cover of size n + k + 2p if and only if I is satisfiable. Since RVC is clearly

in NP it completes the proof.

Proposition 19. IBookK,→ is NP-hard if all interval lengths belong to

{1, 2, 5, 7, 9, L, L + 3, 8L + 5} where L ∈ N is bounded by a polynomial

function with respect to n.

Proof. (Sketch) Starting from an instance of the RVC-problem, we

construct an instance of IBookK=6n,→ composed of 6n parallel lines

such that for any fixed i ∈ {1, . . . , n}, the lines R6(i−1)+1, R6(i−1)+2,

R6(i−1)+3, R6(i−1)+4, R6(i−1)+5, and R6(i−1)+6 are respectively associ-

ated with the vertices v0(xi), v0(xi), v1(xi), v2(xi), v1(xi), and v2(xi) of

graph G ∈ F. The lines Ri’s are loaded by some intervals of length

{L, L + 3, 8L + 5}, as shown in Fig. 5, in such a way that the difference

between the starting point of the leftmost interval in two lines is at

least equal to a certain integer A (see Fig. 5). The value of A, which

depends on n, will be fixed in such a way that exchanging two of these

intervals of different lines costs more than Q .

These 6n lines are partitioned into three zones: zone A, zone B
and zone C:

- Zone A represents the edges associated with the 2-clauses. It con-

tains k intervals of length L. If the line is associated with a vertex

vi(�j), which appears in a 2-clause, then we add a blank of length

2 in this zone.

- Zone B represents the 3-cliques associated with the 3-clauses. It

contains p intervals of length L and, if the line is associated with
an extremity of a 3-clique, we add a blank of size 2 in this zone.

Between the zone B and the last zone C, we have a blank of size 5.

- Zone C represents the structures S(xi), i ∈ {1, . . . , n} (see Fig. 5(a)).

Each line of zone C is loaded first by n intervals of length 8L +
5 and then by Q intervals of length L. The ith intervals of lines⋃6

r=1{R6(i−1)+r} for any i ∈ {1, . . . , n} are replaced by the same

sub-instance given in Fig. 5(b).

hen, each line of
⋃n

i=1{R6(i−1)+3,R6(i−1)+4,R6(i−1)+5,R6(i−1)+6}
ontains a blank of size 2 in zone A (respectively, in zone B) if the

ine corresponds to a literal composing a 2-clause (respectively, 3-

lause), and a blank of size 5 in zone B. For the blanks in zone A, we

dd two intervals of lengths 2 and 5, respectively. In zone B, we add

hree intervals, two of length 2 and the other of length 5 for each of

hree blanks of length 2. We also add 3p
2 + k intervals of length 5 and

p
2 intervals of length 7. We then observe that the blanks of size 2 in

ones A and B are located alternatively (due to the structure S(xi), no

ine contains two blanks of size 2 in these zones).

In I6(di), the interval J1 should be placed on line R1 or line R2

n order not to exceed the translation cost Q . For such solutions, the

ther small intervals will be inserted, according to the position of J1, in

he blanks either on lines R2, R3, and R4 (Solution 1) or on lines R2,

5, and R6 (Solution 2). The blanks not used here will be used later to

ake spaces to insert the intervals of lengths 5 and 7, added in zones

and B. This instance is constructed in such a way that all intervals

an be legally assigned on K lines with a translation cost less than Q if

nd only if the vertices corresponding to the lines to which we assign

he intervals of length 2 that we added in zones A and B constitute a

ertex cover of size M = n + 2p + k of G if and only if there is a truth

ssignment which satisfies all clauses of the (2,2)-SAT instance.
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